STRESSED STATE OF FERROMAGNETIC PLATE WITH
CRACKS IN THE PRESENCE OF STRONG MAGNETIC FIELD

L. A. Fil’shtinskii, E. M. Kravets, and V. A. Khvorost UDC 539.3

If a ferromagnetic body is placed in a magnetic field, body and surface forces appear in the body due to the
magnetizability of a material. Under the action of these forces deformations that alter the initial magnetic field appear in the
medium.

In the present work we consider a boundary value problem of magnetoelasticity for magnetically soft ferromagnetic
medium, weakened by curvilinear cracks. We assume that there is a constant magnetic field Hy and normal and tangent forces
are given on the edges. A similar problem for an isolated straight crack was considered in [1, 2].

1. In linearized statement [1, 3] a complete system of magnetoelasticity relations for magnetically soft piecewise
equations of state

B = po,H, b=peh, M=yH, m=yh,
H=Hy+h, B=By+b, M=M,+m (1.1)

and magnetoelasticity differential equations

divS§ =0, rotHy=0, divBy=0, roth=0, divb=0,

S=T+ t’ tl] = oij + “'OXHOJ'HO}' + Kot (HOIhj + Hthi)v (12)

Ty = wo (W-HouHy — 0,58;HouHo) + 1o [, (Hofy + Holy) — 8;Hyh, ],
0,]‘ = lb,’jakuk + 43 (aju,- + O,uj), 6,, = a/axk.

The boundary conditions in the media boundary line have the form

ny (b = 87) + na (b = B5) = poyHo cos - n,0u,/ s,
—n, (hl - hge)) + n (hZ - hgd) = X.HO sin w‘nmaum/ass (13)
my (Sy = S§) + s (Sy = S§) = 0.

In relations (1.1)-(1.3) gy = 47-10"7 H/m is the absolute magnetic constant; u, = 1 + x is a relative permeability of
the medium; By, H,,, and M|, are the magnetic induction, initial magnetic field strength, and magnetization of the material;
b, h, and m are fluctuations of these quantities; u, is the medium elastic displacement; A and u are the Lamé constants; 5ij is
the Kronecker delta; and gy is the Levi—Civita symbol.

Let an infinite magnetoelastic medium referred to x,0x, coordinate system be in a strong magnetic field Hy = (0, Hy,
0). We assume that there are cracks inthe medium, which in undistorted state areassociated with mathematical cuts (j = 1, ...,
k). On the edges L; we specify a normal and a tangent load N and T continuously extendible from one edge to the other.
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Fig. 1

In this statement the plane problem of magnetoelasticity being considered is reduced to the following system of differential
equations:

2
Vi + 08 + < MoHodh =0 (j=1,2),
VU=0, h=0U, V=&+3& o=(1-2v".

The solutions of this system can be expressed in terms of three arbitrary analytic functions by the equations

20 (uy + i) = % (2) ~ 2W (2) — 91 (2) = Cof (2),
th + bt = 2Re @ (2) + 2 Re W (z) + CoHy,
e = ty + 2ity = 2ZW' (2) + 2W, (2) + Co,
b~ iy =iF(z), F()=f (2), ®(2)=¢ (2),
D1 (z) =¢1(2), x=3—4v, W(2) =P (2) — CF (2),
Wi (z) = @y (2) = CoF (2), Co = YpoHo.

The boundary conditions on the cut edges are represented correspondingly. Taking into account (1.3), we can write them in
a complex form

2Re W (z) = exp (2iy) {TW' () + W1 (O} + CoA™ (T) = R (¥),
AT (R) = Re{(1 — ixn; exp (i) F (O)},
R (L) =N —iT + CoHy (n3 — 1 + exp (2iy))/2,
NyOU,/0s = Im {~x® (2) = W (2) + CoF (2) +
+ exp (2y) EW (2) + ¢, (2))}/2m, T EL.

(1.4)

2. To solve the formulated boundary value problem let us introduce integral representations of the analytic functions:

Co ffo@® 1 p(©)

F@ =) t40 W@ =5 o, 4%
L L
LI BT O N W 1 O
LEORE-3 B TR Rrts
L L

Substitution of limiting values of these functions into boundary conditions (1.4) leads to a system of singular integral
equations with respect to displacement jumps and their derivatives:

f {U (l) dHy, (?;, Co) +V (t) dHy, (t, Zo)} =N, (t;o),
. @1
S W0 @ din @ ) + v () din 5, W) = N ().
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Here

dHy = Tm [-l~h1 () (e (90) ¢ + 1) + s (wo) exp (21 (9 = a)/2) +

+ hy (9) hs (%) €xD (21 (¥ = $0))/2 = ixlpoch (x + 1) 8 (9) s (wo)/ﬂg%};

dHp;; = Im l [1+ %2 (x + 1) iednind/4 +
A ) (9 1 (4 = o) = exp 2 (9o = W)/ 20 g 5
dH = Re [m (o) (ks (%) exp (2 (%o = ag)) = hy (%) exp (2 (o — W)))/2 +
+ % (1 +ysin® yo) & (x + 1) A (%, %Vﬂg%};
dHy = Re [-m (o) (eXP (21 (o — ) — exp (2 (o — a)))/2 ~

— 9y (x + 1) e} (1 + y sin® %)/4]%};

Ny (Q) = (¢ + 1) [N/p + xef (xn3 + cos 29 — 1)/21/2;
Ny Q)= (x+ 1) [=T/u + yébsin 29/21/2;
() =1+ e?,A (q;); h(§) = e(,ZA1 W~ hyp= o
Ay (\P) M + be teon1ﬂ2/4

hs (@) = & (¥) + x’edmny (1 = % + exp (2y))/2%;

hs (§) = L + 5 (1 + y sin? ¢)/2;

B (9 o) = AL () + ¥ 10ed (¥) (1 = % + exp (2io))/ %
A= i+ Un 2 ~%)/p —ny(x+ 1)]exp (—ig)}/2;
Ay (§) = g {=ni + xing (2 - %) exp (—iv)/ut/2;

a (Y) = yny exp (—iy) — ;
¢ = wHy/ W T, L € L

System (2.1) should be considered together with the additional conditions

f(u +iV)de=0 (j=T%). 2.2)
L
To solve numerically the system of equations (2.1) and (2.2), it is convenient to carry out parametrization of the
contour L; (below we omit index j): { = §(8), {5 = § (Bp), —1 = 8, By = 1. Following this we represent:
Q) Q ¢
U =g V() = T% a=% (=), b=1¢ ()
Applying the known quadrature formulas [4], we reduce (2.1) and (2.2) to the system of linear algebraic equations with

respect to the values of functions Q and Q* in Chebyshev nodes.
Stress intensity coefficients are determined in the regular way and have the form

Q
K — iKy = tp Vs (x]) { -t e [ + Z a,,n,n,]/2]

ij=1

(2= 2y
(y.+l)(x+l)’

ah=an=i [l -Q2-x/(x+D+DIL

an=-~1-~ @ = -2+ 1),
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3. As a first example let us consider the medium weakened by one parabolic crack x; = p;8 cos v ~ p232 sin 7y, X,
= plﬁz sin y + p262 cosy (| B1 = 1) (y is the angle of crack rotation with respect to the system of coordinates x;0x,).
From [1, 2] it follows that there are critical values of the parameter b2 = boz/l»toﬂ, for which the stresses in the medium
become infinitely large. For a straight crack, whose front is perpendicular to the direction of the initial magnetic field, b?, =
1.33-10° (for » = 0.25 and x = 10%). For another crack orientation with respect to the initial magnetic field the critical values
will be different. The critical values of b.2 according to crack orientation -y for different values of the parabolic crack curvature
are plotted in Fig. 1. The curves describing the deformation intensity coefficient ; as a function of the parameter b,? for
different orientations of a straight crack are given in Fig. 2.

Let us consider the situation when the medium is weakened by two straight cracks, one of which occupies the interval
[—4 1] = [—1; 1] of the x;-axis and the other is turned to it through the angle . The distance between the centers of both
cracks is d = 1, 2, 3 and the length of the second crack is 2/; = 2. The critical values of b, as a function of the angle
between the cracks, for different distances d between them are plotted in Fig. 3. It is seen that if the second crack is
perpendicular to the first one, the value of b2 is the same as for the medium with one crack perpendicular to the initial
magnetic field. When both cracks are parallel, bc2 increases monotonically with the distance between them.

Analysis of the results shows that the initial magnetic field B,, whose level is close to the critical value, has a
pronounced effect on the equilibrium of ferromagnetic medium with a straight crack. Thus, for a horizontal crack B, = 1.2
T. In the general case critical values of the initial magnetic field levels depend essentially on the mutual arrangement of the
defects and their configuration.
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